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Abstract
A quadrangulation is a simple graph on the sphere each of whose faces is quadrilateral. A quadrangulation G is said to be tight
if each edge of G is incident to a vertex of degree exactly 3. We prove that any two tight quadrangulations with n11 vertices, not
isomorphic to pseudo double wheels, can be transformed into each other, through only tight quadrangulations, by at most 83n − 763
rhombus rotations. If we restrict quadrangulations to be 3-connected, then the number of rhombus rotations can be decreased to
2n − 22.
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
A quadrangulation is a simple graph on the sphere such that each face is quadrilateral. (Since we deal with only
graphs on the sphere, we suppose that a “quadrangulation”means one on the sphere, unlesswe specify a surface inwhich
the graph is embedded.) A quadrangulation is always bipartite, but every non-spherical surface admits non-bipartite
quadrangulations. In quadrangulations, every vertex has degree at least 2. By easy computation of Euler’s formula, it is
easy to see that a quadrangulation must have a vertex of degree at most 3. The graph C4 × P2 is called the hexahedron
(or the cube), which is the smallest quadrangulation with minimum degree 3.
A quadrangulationG is said to be tight if each edge ofG is incident to a vertex of degree 3. The tight quadrangulations
play an important role for the following observations: it was shown in [3] that any two quadrangulations G and G′
with the same size of partite sets can be transformed into each other by a sequence of diagonal slides, which is an
operation replacing an edge e = v0v3 with v1v4 (or v5v2) in the hexagonal region v0v1v2v3v4v5 formed by two faces
sharing e. (See Fig. 1. The paper [3] deals with quadrangulations on all surfaces.) If the resulting graph by a diagonal
slide is not simple, then we do not apply it. The existence of tight quadrangulations with no vertices of degree 2 denies
the possibility to extend the above result into those with the condition “minimum degree at least 3”, because a tight
quadrangulation with minimum degree 3 admits no diagonal slide preserving the minimum degree 3.
Let G be a tight quadrangulation and let F be a face of G. Let F = x0x1x2x3 denote the boundary of F. Since G is
tight, we may assume that degG(x0)= degG(x2)= 3. Let NG(x0)={x1, x3, z0} and NG(x2)={x1, x3, z2}. A rhombus
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Fig. 1. A diagonal slide.
F x0 z0
x1
x2
x3
z2
x3
z0z2
x1
x′1
x′3
Fig. 2. A rhombus rotation.
Fig. 3. A 3- and 4-pseudo double wheels.
rotation is an operation to remove x0 and x2, add two new vertices x′1 and x′3, and add six edges x′1x1, x′1z0, x′1z2, x′3x3,
x′3z0 and x′3z2. (See Fig. 2.)
We introduce an important class of tight quadrangulations. A pseudo double wheel (or an m-pseudo double wheel) is
a quadrangulation obtained as follows. Put a cycle v0v1 · · · v2m−1 of length 2m on the equator of the sphere, and put two
vertices x and y on the north and south poles, respectively. Join x with v2i , and join y with v2i+1 for i =0, 1, . . . , m−1.
(See Fig. 3.) Note that a 3-pseudo double wheel is the hexahedron.
The following is our main result.
Theorem 1. LetG1 andG2 be tight quadrangulations with n11 vertices,which are not isomorphic to pseudo double
wheels. Then G1 and G2 can be transformed into each other, preserving the tightness, by at most 83n − 763 rhombus
rotations.
In Theorem 1, if we assume the 3-connectedness of G1 and G2, then the number of rhombus rotations can be
decreased, as in the following theorem.
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Theorem 2. Let G and G′ be two 3-connected tight quadrangulations with n11 vertices, which are not isomor-
phic to pseudo double wheels. Then G and G′ can be transformed into each other, through only 3-connected tight
quadrangulations, by at most 2n − 22 rhombus rotations.
To show our theorems, we characterize tight quadrangulations by using the term “pseudo triangulations”.Wemention
such triangulations in Section 2 and give the characterization of tight quadrangulations in Section 3. In the ﬁnal section,
we prove our main theorems.
2. Pseudo triangulations
A loopless graph G, allowed to have multiple edges, on the sphere is said to be a pseudo triangulation if each face
of G is triangular. A pseudo triangulation with no multiple edges is called a triangulation (or a simple triangulation).
In particular, we exclude K3 from simple triangulations.
In a triangulation G, let F1 and F2 be two triangular faces of G sharing an edge xy, where F1 = zxy, F2 = wxy
and z = w. A diagonal ﬂip of xy is to remove xy and add an edge zw.
The following theorem has been shown in [2].
Theorem 3 (Mori et al. [2]). Any two simple triangulations with n5 vertices on the sphere can be transformed into
each other, preserving the simpleness, by at most 6n − 30 diagonal ﬂips.
Lemma 4. Let T be a pseudo triangulation with n vertices. When n = 3, T is just a 3-cycle. When n4, T can be
transformed into a simple triangulation by at most n − 3 diagonal ﬂips.
Proof. For x, y ∈ V (T ), let (x, y) denote the number of edges between x and y. Let
(T ) =
∑
(x,y)1
((x, y) − 1).
Clearly, (T ) = 0 if and only if T is simple.
Let x and y be two vertices of T connected by at least two edges. Let e be one of the edges connecting x and y, and
suppose that two triangular faces sharing e are xyz and xyw. Since T is loopless, each of w and z coincides with neither
x nor y. Hence we have w = z. (For, if w = z, then an edge, other than e, joining x and y cannot exist, by the planarity.
This contradicts that there are at least two edges between x and y.) Moreover, there is no edge between w and z, by the
planarity again, and hence a diagonal ﬂip of xy creates neither loops nor multiple edges. Clearly, this decreases (T )
by 1. Therefore, the required number of diagonal ﬂips is at most (T ), and so we shall bound (T ).
We shall show that (T )n − 3 by induction on n. First, when n = 3, T is obviously a 3-cycle and hence (T ) = 0.
Now suppose that n4 and that there are at least two edges between two vertices x and y. Let e and e′ be such edges.
The 2-cycle e ∪ e′ separates T into two graphs T1 and T2, each of which has exactly one face bounded by the 2-cycle
e ∪ e′ and others are bounded by 3-cycles. Let T˜i be the pseudo triangulation obtained from Ti by identifying e and e′
into a single edge.
By induction hypothesis, we have (T˜i)ni − 3, where ni = |V (T˜i)| for i = 1, 2. Therefore,
(T ) = (T˜1) + (T˜2) + 1n1 + n2 − 5 = (n1 + n2 − 2) − 3 = n − 3.
Hence at most n − 3 diagonal ﬂips transform T into a simple triangulation. 
Combining the previous two, we have the following proposition.
Proposition 5. Any two pseudo triangulations with n5 vertices can be transformed into each other, by at most
8n − 36 diagonal ﬂips.
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Fig. 4. C+4 and C
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3. Characterization of tight quadrangulations
For a graph G and S ⊂ V (G), let G[S] denote the subgraph of G induced by S. Let Vi = {v ∈ V (G) : degG(v)= i}.
The following has been proved in [4].
Lemma 6 (Nakamoto [3, Lemma 7]). Let G be a quadrangulation and let H be a component of G[V3]. Then H is
isomorphic to one of
(i) K1,3,
(ii) a path Pm with m1 vertices,
(iii) a cycle C4 bounding a face,
(iv) C+4 shown in the left-hand of Fig. 4,
(v) C++4 shown in the right-hand of Fig. 4,
(vi) the hexahedron or
(vii) a cycle C2m of even length 2m8,
In particular, in Cases (iv) and (v), the 4-cycles of C+4 and C++4 bound faces. In Case (vi), G = H , and in Case
(vii), G is isomorphic to an m-pseudo double wheel.
Lemma 7. Let G be a tight quadrangulation, which is not isomorphic to a pseudo double wheel. Let H be a component
of G[V3]. Then H is isomorphic to one of K1, K1,3 and C++4 .
Proof. Since G is not isomorphic to a pseudo double wheel, it sufﬁces to show that G cannot have Pm (m2), C4 and
C+4 as components of G[V3], by Lemma 6.
Suppose that G has Pm = v0v1 · · · vm−1 as a component of G[V3]. Since degG[V3](v0) = 1 and 1degG[V3](v1)2,
there are two distinct vertices x1, x2 /∈V3 incident to v0, and there is a vertex y /∈V3 incident to v1. Since degG(v1)= 3,
the path yv1v0 lies on the boundary of some face. Thus, either x1v0v1y or x2v0v1y forms the boundary 4-cycle of some
face in G, and hence either x1y ∈ E(G) or x2y ∈ E(G), contrary to G being tight.
Now suppose that G has C4 or C+4 as a component of G[V3]. Let v1v2v3v4 be the 4-cycle in C4 or C+4 bounding a
face.We may suppose that degG[V3](v1)= degG[V3](v2)= 2. Focus on the face, say v1v2xy, sharing the edge v1v2 with
the face v1v2v3v4. The edge xy is one such that x, y /∈V3, contrary to G being tight. 
Let H be a graph on the sphere with the vertices colored black. Put a white vertex vf on the center of each face f. Join
vf to all vertices lying on the boundary walk of f. Finally remove all original edges of H. The resulting graph is called
the radial graph of H and denoted by R(H) [1]. Clearly, R(H) is bipartite and each face of R(H) is bounded by a
closed walk of length 4. If each face ofH is bounded by a cycle, thenR(H) is simple, that is,R(H) is a quadrangulation.
Conversely, for each quadrangulation G, there exists a graph H on the sphere such that R(H) = G.
It is easy to see that the radial graph R(T ) of a pseudo triangulation T is a tight quadrangulation since each white
vertex has degree 3. Moreover, a diagonal ﬂip in T corresponds to a rhombus rotation in the tight quadrangulationR(T ).
The following theorem gives a characterization of tight quadrangulations, and clarify a relation between tight quad-
rangulations and pseudo triangulations.
Theorem 8. Let G be a quadrangulation, which is not isomorphic to an m-pseudo double wheel with m = 3. Then G
is tight if and only if G is the radial graph of some pseudo triangulation.
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Fig. 5. 2-coloring of K1,3 and C++4 .
Proof. Since the sufﬁciency is obvious and we show only the neccessity. Let G be a tight quadrangulation. Note that a
3-pseudo double wheel is the radial graph of the tetrahedron. So we may assume that G is not a pseudo double wheel.
Then, by Lemma 7, each component of G[V3] is isomorphic to either K1, K1,3 or C++4 .
Color each vertex of V3 white and the other vertices black. If all components of G[V3] are K1’s, then the white
vertices are independent, and moreover, the black vertices are also independent, by the tightness of G. Therefore, G
is the radial graph of some pseudo triangulation. Even if there are components isomorphic to K1,3 or C++4 , we can
re-color the white vertices in them as shown in Fig. 5. So, all white vertices are independent and have degree 3, and all
black vertices are independent. Therefore, G is the radial graph of some pseudo triangulation. 
4. Proof of the theorems
We ﬁrst prove Theorem 1.
Proof of Theorem 1. Let G be a pseudo triangulation with m vertices. Then, by Euler’s formula, G has 2m− 4 faces.
Thus, the radial graph R(G) of G has 3m− 4 vertices. Proposition 5 asserts that any two pseudo triangulations G1 and
G2 with m5 vertices can be transformed into each other, through pseudo triangulations, by at most 8m−36 diagonal
ﬂips, and hence so are two tight quadrangulations R(G1) and R(G2) with n = 3m − 411 vertices, preserving the
tightness, by at most 8((n + 4)/3) − 36 = 83n − 763 rhombus rotations. 
In order to prove Theorem 2, we need to prove the following lemma.
Lemma 9. A quadrangulation G is tight and 3-connected, but not isomorphic to an m-pseudo double wheel with
m = 3, if and only if G is the radial graph of some simple triangulation H.
Proof. By Theorem 8, it sufﬁces to show that G is 3-connected if and only if the pseudo triangulation H is simple. We
ﬁrst show the neccessity. If H has multiple edge between two vertices x and y, then G − {x, y} is disconnected, and
hence G is not 3-connected.
Secondly we show the sufﬁciency. If G is not 3-connected, then there is a closed curve  on the sphere such that
(i)  passes through two faces F1 and F2 and meets G only at two vertices x and y,
(ii) each of the two disks of the sphere separated by  contains at least one vertex of G.
Note that the condition (ii) means that G − {x, y} is disconnected. Here, we shall prove that x and y belong to the
same partite set of G.
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Since G is bipartite, if x and y do not belong to the same partite set of G, then x and y are adjacent in both F1 and
F2, where Fi is the boundary 4-cycle of Fi , for i = 1, 2. By the simpleness of G, the two faces F1 and F2 must share
the edge xy. Therefore, exactly one of the two disks which contains the edge xy has no vertices in its interior. This
contradicts the condition (ii), and hence x and y belong to the same partite set.
If x, y ∈ V (H), then H has multiple edges between x and y, contrary to the simpleness of H. If x, y /∈V (H), then
we have degG(x)= degG(y)= 3, and hence there is a vertex v ∈ NH(x)∩NH(y) of H such that degH (v)= 2. This is
a contradiction since any simple triangulation has minimum degree at least 3. 
Now we prove Theorem 2.
Proof of Theorem 2. By Theorem 8, there exist two pseudo triangulation H andH ′ such thatR(H)=G andR(H ′)=
G′. By Euler’s formula, if we put |V (H)|= |V (H ′)|=m5, then we have n=3m−411. By Lemma 9, since G and
G′ are 3-connected, H and H ′ are simple triangulations. By Theorem 3, H and H ′ can be transformed into each other
by at most 6m − 30 diagonal ﬂips, preserving the simpleness of the graphs. Therefore, G and G′ can be transformed
into each other, preserving the 3-connectedness and the tightness, by at most 6((n + 4)/3) − 30 = 2n − 22 rhombus
rotations. 
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